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1. Introduction 
In recent progress of Nielsen fixed point theory, there are two Nielsen type 
theories, namely, the local Nielsen theory introduced by Fade11 and Husseini in [5] 
and the more recent relative Nielsen theory by Schirmer in [ll]. The latter deals 
with maps f: (X, A) + (X, A) of pairs of spaces. Subsequent work of Schirmer [ 121 
and others [3,13,14] concern mainly with the fixed point set off on the complement 
X -A which is open in X. The map f 1 U : U = X -A + X is precisely the setting 
considered in [5] provided that the set Fixf 1 U of fixed points off 1 U is compact 
in U. We will show in this paper how the local theory [5] and, in particular, the 
extension Nielsen theory [3] are related. 
First let us recall the local Nielsen theory of Fade11 and Husseini. Let X be an 
ENR (Euclidean neighborhood retract) and U c X be an open subset. A map 
f: U + X is said to be compactly fixed if Fixf= {x E U 1 f(x) = x} is compact in U. 
Two fixed points x, J’ E Fix f are locally Nielsen equivalent if there is a path (Y in U 
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from x to y such that (Y -fo (Y in X relative to the endpoints. This is an equivalence 
relation on Fix f and the equivalence classes are called local Nielsen classes off: By 
assigning to each class the usual fixed point index, the local Nielsen number n(L U) 
off is defined to be the (finite) number of (nonzero index) essential local Nielsen 
classes. When X is a smooth or PL manifold of dimension 23, a local obstruction 
o(f; U) to deforming f via a compactly fixed homotopy (i.e., a homotopy {H,} : U + X 
with l_l, Fix H, compact) to a fixed point free map is defined. Moreover, o(f, U) 
can be expressed in terms of the local Nielsen classes and hence n(f; U). In 
particular, a local version of the Wecken theorem is established: n(f; U) = 0 if and 
only if f is deformable to a fixed point free map via a compactly fixed homotopy. 
We now turn to the Nielsen theory for map extensions of Brown, Greene and 
Schirmer [3]. Let X be a connected finite polyhedron, A a subpolyhedron and 
4 : A+ A a map. Suppose that f: X +X is an extension of 4, i.e., f IA = 4. Recall 
from [ 121 that a Nielsen class (nonempty fixed point class) 9 off : (X, A) + (X, A) 
does not assume its index in A if i(X,f; 9) # i(A, 4, 9n A) where i(Z, cp, 9) denotes 
the fixed point index of the class 9 of cp in Z (see [2, lo]). Then the (topological) 
extension Nielsen number off with respect to 4, denoted by N(f I+), is defined to 
be the number of Nielsen classes off: X + X which do not assume their index in 
A and which do not intersect the boundary dA of A in X. The number N(f 14) is 
a lower bound for the number of fixed points off in X -A and it has the usual 
properties of the classical Nielsen number. If (i) X - A has no local cut points and 
is not a 2-manifold and (ii) A can be by-passed (i.e., X -A is connected and the 
inclusion induced L #: v,(X-A)+ T,(X) is surjective), then N(f 14) is a sharp 
lower bound for the minimal number of fixed points of all extensions g of 4 
homotopic to f (rel A). 
While the extension Nielsen number N(f 14) g ives a sharp lower bound for the 
minimal number of fixed points in X-A, N(f 14) . IS calculated [3] only in special 
situations. On the other hand, the local Nielsen number n(f, U) has been studied 
in [6,9] for surface maps and is calulated using Fox calculus and braid theory. 
Furthermore, a local generalized Lefschetz trace corresponding to the local obstruc- 
tion o(J; U) is associated to n(L U) in [8]. By relating N(f 14) to n(f; U) we hope 
to give some information toward the computation of N(f 14) and the relative Nielsen 
type numbers studied in [ 1 l-141. 
For further background in Nielsen fixed point theory, the reader is referred to 
[2, 101. 
The author would like to thank the referee whose comments helped to improve 
the exposition of this paper. 
2. Main results 
Throughout we let f = f IA: A + A for any map f: (X, A) + (X, A) of pairs. We 
also set int A and aA to be the interior and the boundary, respectively, of A in X. 
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Proposition 2.1. Let A be a closed neighborhood retract of a compact ENR X. For 
anymapf:(X,A)+(X,A), th ere exist a neighborhood U of A, a retraction r : U + A 
and a homotopy {ft}:(X,A)+(X,A)relA such thatf,=fandf,lU=~or. 
Proof. Let r: V+ A be a retraction on a neighborhood V of A. It follows from [4, 
p. 831 that there exists a neighborhood W of A with WC V and a homotopy 
{H,} rel A such that H,, = f and H, = f 0 r/ W. Choose a neighborhood U of A such 
that U c cl U c W where cl U denotes the closure of U. let p : V+ [0, l] be a map 
with plcl U= 1 and plV- W=O. Define 
if x& W, 
‘(x)=KTLl p(x)t), if xE W, 
to be the desired homotopy. Cl 
Note that the map f, in Proposition 2.1 has the following properties: 
(1) Fixf,lX-A is compact in X-A and therefore the local Nielsen number 
n(f,lX -A, X-A) is defined; 
(2) for every Nielsen (i.e., nonempty fixed point) class 9 off,, 
i(X, f,, 9n A) = i(A,f,, 9n A). 
We call an extension f : (X, A) + (X, A) off : A + A compactly$xed if Fix f 1 X - A 
is compact in X - A. For the rest of this paper, by a homotopy between two extensions 
f and g (denoted by f zfg), we mean a homotopy {H,} : (X, A) + (X, A) such that 
H,=f; H, = g and H,IA = f IA = glA for all t E [0, l] (i.e., f - g rel A). 
Let E,(f) be the set of compactly fixed extensions of x By Proposition 2.1, the 
set EC(f) is nonempty for any compact polyhedral pair (X, A). 
Theorem 2.2. Let (X, A) be a compact polyhedral pair such that int A = 8. Let 
f:(X,A)+(X,A) bea map. 
(1) Foranyf’EE,.(f),f’--,A n(f’lX-A,X-A)sN(fIf). 
(2) Ifall the Nielsen classes of fare essential then for any f ‘E E,(f) with f ‘-ef 
n(f’lX-A, X-A)+N(f)a N(f; X,A) w h ere N( f; X, A) is the relative Nielsen 
number off: 
Proof. (1) Let f ‘E E,.(f), f ‘-ef and 9 be a Nielsen class that does not assume its 
index in A with Sn dA = 0. Thus, 9~ (X -A) and i(X, f ‘, 9) # 0. Since 9 is a 
disjoint union of local Nielsen classes, 9 must contain at least one essential local 
Nielsenclassoff’lX-A. Hencen(f’(X-A,X-A)SN(f’lf)=N(flT). 
(2) It suffices to show that n(f’lX-A,X-A)>N(f)-N(J;f). Let 9 be an 
essential Nielsen class off’ that does not contain an essential Nielsen class of J 
This means that 9~ (X -A). Now apply the same argument used in (1) to complete 
the proof. 0 
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Assertion (1) of Theorem 2.2 shows that the local Nielsen number of a compactly 
fixed extension homotopic to f is an upper bound for IV(f]J). Thus if n(f’lX - 
A, X -A) = 0 for some f’~ E,(f) with f’-=f then JV(flf) = 0. 
The following is a Wecken type minimality theorem (compare [3, 4.2; 11, 6.21). 
Theorem 2.3. Let (X, A) be a compact polyhedral pair such that X - A is not a 
2-manifold and has no local cut points. Suppose that f: (X, A) + (X, A) is a map such 
that Fix f = 0. 
(1) There exists a map f ‘-ef with exactly n(flX - A, X-A) fixed points. 
(2) IfA can be by-passed, then n(flX -A, X -A) = N(flT). Moreover, N(f) = 0 
ifandonlyifn(fIX-A,X-A)=O. 
Proof. (1) Since Fixf= Fix f /X -A is compact, f E E,(f) and hence n(f IX - 
A, X -A) is defined. We then proceed by applying the Wecken method of coalescing 
fixed points and removing inessential fixed points as in [ 11, 5 61. 
(2) Let 9 be an essential local Nielsen class off 1 X - A. Since A can be by-passed 
and Fix f = 0, 9 is in fact an essential Nielsen class of J: Thus n (f IX - A, X -A) Q 
N(f If). The equality follows from Theorem 2.2(l). 
If n(f IX -A, X -A) = 0, then N(f If) = 0. The assertion follows from [3, 
4.4(i)]. 0 
Before we present our next result, we first review some notations and terminology. 
For any map f: (X, A) + (X, A), there is a well-defined function 
1 ‘Fpc : FPCo( f) + FPC,( f) 
where FPC,(f) and FPC”(f) denote the sets of Nielsen (nonempty fixed point) 
classes off and f respectively. This function iFPC simply sends a Nielsen class of 
f to the unique Nielsen class off containing it. (The notations here are chosen so 
as not to be confused with those used in [ 10, Ch. 31. For example [ 10, p. 441, FPC( f) 
denotes the weighted set of all fixed point classes off, including the empty classes 
and iFpC is a morphism of weighted sets of fixed point classes.) 
Recall that a nilmanifold is a closed orientable homogeneous space of the form 
C/T where G is a connected simply connected nilpotent Lie group and r is a 
torsion free uniform discrete subgroup. Anosov [l] showed that the Nielsen number 
is equal to the absolute value of the Lefschetz number, i.e., N(f) = IL(f )I, for any 
selfmap f of a nilmanifold. 
The following is a relative Anosov type theorem for map extensions. 
Theorem 2.4. Let (X, A) be a nilmanifold pair such that dim X 2 3 and codim A 2 2. 
Suppose thatf: (X, A) + (X, A) is a map satisfying 
(i) iFPC: FPCo( f) + FPCo( f) is injective; 
(ii) i(X,f;i”“(@)=O ifand onlyifi(A,f,~)=Oforall~~FPC,(~). 
Then N(fIf)=IL(f)l-IL(j)l=N(f)-N(f). Furthermore, f-ef’ SO that 
f ‘(X -A has exactly N( f If) fixed points in X -A. 
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Proof. By Proposition 2.1, there exists an extension g E E,(f) such that g -ef and 
for every Nielsen class 9 of g. By normalization, 
Uf)=Ud=Uf)fC i(X,g, Xl 7c 
where the sum varies over the set of local Nielsen classes of glX - A. 
Since codim A 3 2, A can be by-passed. Thus two fixed points in X -A which 
are Nielsen equivalent in X become local Nielsen equivalent in X -A. Hence the 
local Nielsen classes Z of glX -A belong to distinct Nielsen classes of g in X. 
Denote by 9X the unique Nielsen class of g containing Yf?. Since C?A = A, it follows 
that N(f 17) = N(glf) = #{Xl i(X, g, 9Y) f 0 and 9’lx = %}. 
Case 1: L(f)=L(f). 
If 5% is an essential Nielsen class of 7 then by (ii), 1 ‘Fpc‘( 8) is also essential. Since - - 
L(f) = L(J) and X and A are nilmanifolds, i(A, f, 9) = i(X, g, i”‘(g)) (=kl). 
Moreover, condition (i) implies that i(X, g, 1 ‘FPC( g) n (X - A)) = 0. (Note that (i) 
and (ii) hold for g since g -,J) Th’ is means that glX -A contains only inessential 
Nielsen classes which can be removed by the Wecken techniques employed in [5] 
or [ll]. Hence, N(fll)=O and g-,f’such that Fixf’lX-A=@. 
Case 2: L(f)#L(f). 
Let 9 and 9 be essential Nielsen classes off and g respectively. There are four 
- - 
cases accordingly as i(A, f, 9) = +l and i(X, g, 9) = *l. For the cases where 
- - 
i(A, f, 9) = i(X, g, S), there are Ill essential Nielsen classes of 7 and for each 
such class g, i(X, g, i”‘(9) n (X -A)) = 0. Condition (ii) implies that all the 
IL(f )I - Ill remaining essential Nielsen classes of g must lie in X -A and thus 
N(f If) = IL(f )I - Ill. For the other two cases, it follows that each essential 
Nielsen class 9 of 7 is contained in an essential Nielsen class i”“(s) of g with 
i(X, g, i”‘(@)n(X-A))#O.HenceN(flf)=#(Zli(X, g, x)#Oandsx= R}= 
Ikf )I - IN-)I. S’ ince dim X 2 3, we can apply the Wecken techniques as in Case 
1 to coalesce the fixed points in the same class. Hence, g -ef' with #Fix f ‘(X -A = 
w&n. 0 
Note that when A = 8, Theorem 2.4 reduces to Anosov’s theorem of [ 11. Moreover, 
the assumptions (i) and (ii) are necessary as illustrated in the following examples. 
Example 2.5. Consider the 4-torus X= T4=S’XS’XS’XS’ and A= 
{(z, > z2 3 z3 9 z4) ( z, = z2 = zj = z4} = S’. Let f: (X, A) + (X, A) be given by 
f(z ,,Z2,Z3,Zq)=(Zq,Z,rZ2,~~) 





Fixf= -l(z, cpb), P’(Z), cp’(z)) 1 zE Fix ~“1 
= { (2, 2, z, 2) I z E S’} 
where cp :S’ + S’ is given by cp( z) = Z. 
Since Fixf is connected,f has only one Nielsen class which implies that IL(f)1 = 
N(f)< 1. It follows then N(flf) = 0 while IL(f)l-IL(f)] # 0. (In fact, L(f) = 
L((p4) = L(identity) = 0.) Here, both conditions (i) and (ii) of Theorem 2.4 do not 
hold. 
The next example shows how selfmaps of nilmanifolds which satisfy the conditions 
(i) and (ii) can be constructed. 
Example 2.6. Recall from [7], that every nilmanifold A4 admits a principal torus 
bundle T + M 4 N such that T is a torus and N is a nilmanifold of lower dimension. 
Furthermore, for any selfmap f: M + M, f is homotopic to a fiber preserving map 




Following [lo, IV.3.31 and the fact that essential Nielsen classes in a torus are 
of index *l, one can easily show that if L(fb) # 0 then iFpc: FPC,(f)+ FPC,(f) 
is injective and every Nielsen class off’ is essential if and only if its corresponding 
Nielsen class off’ is essential. By Theorem 2.4, we conclude that L(fb) # 0 implies 
that 
Wf’lf’) = IW’)l- kf’)I 
= IW)l~ IW6)1- IW’)l 
= W’)l . oub)l- 1). 
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